In this paper we construct a new difference analog of the Caputo fractional derivative (called the L2-1 σ formula). The basic properties of this difference operator are investigated and on its basis some difference schemes generating approximations of the second and fourth order in space and the second order in time for the time fractional diffusion equation with variable coefficients are considered. Stability of the suggested schemes and also their convergence in the grid L 2 -norm with the rate equal to the order of the approximation error are proved. The obtained results are supported by the numerical calculations carried out for some test problems.
Introduction
Recently a noticeable growth of the attention of researches to the fractional differential equations has been observed. It is caused by numerous effective applications of fractional calculation to various areas of science and engineering [1, 2, 3, 4, 5, 6] . For example, mathematical language of fractional derivatives is irreplaceable for the description of the physical process of statistical transfer and, as it is known, leads to diffusion equations of fractional orders [7, 8] .
Consider the time fractional diffusion equation with variable coefficients ∂ α 0t u(x, t) = Lu(x, t) + f (x, t), 0 < x < l, 0 < t ≤ T,
u(0, t) = 0, u(l, t) = 0, 0 ≤ t ≤ T, u(x, 0) = u 0 (x), 0 ≤ x ≤ l, (2) where
is the Caputo derivative of the order α,
Lu(x, t) = ∂ ∂x k(x, t) ∂u ∂x − q(x, t)u, k(x, t) ≥ c 1 > 0, q(x, t) ≥ 0 and f (x, t) are sufficiently smooth functions. The time fractional diffusion equation represents a linear integro -differential equation. Its solution not always can be found analytically; therefore it is necessary to use numerical methods. However, unlike the classical case, we require information about all the previous time layers, when numerically approximating a time fractional diffusion equation on a certain time layer. For that reason algorithms for solving the time fractional diffusion equations are rather time-consuming even in one -dimensional case. Upon transition to two -dimensional and three -dimensional problems their complexity considerably increases. In this regard constructing stable differential schemes of higher order approximation is a very important task.
A widespread difference approximation of fractional derivative (3) is the so-called L1 method [2, 9] which is defined as follows
where 0 = t 0 < t 1 < . . . < t j+1 , and r j+1 is the local truncation error. In the case of the uniform mesh, τ = t s+1 − t s , for all s = 0, 1, . . . , j + 1, it was proved that r j+1 = O(τ 2−α ) [10, 11, 12] . The L1 method has been widely used for solving the fractional differential equations with Caputo derivatives [10, 11, 12, 13, 14, 15, 16] .
Difference schemes of the increased order of approximation such as the compact difference scheme [14, 17, 18, 19] and spectral method [11, 20, 21] were applied to improve the spatial accuracy of fractional diffusion equations. However, it is rather difficult to get a high-order time approximation due to the singularity of fractional derivatives.
A good approximation of the L1 method is observed in case of a nonuniform mesh, when it is refined in a neighborhood of the point t j+1 [9] . Though the nonuniform mesh turns out to be more effective in comparison with the uniform one, it will not generate the second order of approximation in all points of the mesh.
In [22] a new difference analog of the Caputo fractional derivative with the order of approximation O(τ 3−α ), called L1 − 2 formula, is constructed. On the basis of this formula calculations of difference schemes for the timefractional sub-diffusion equations in bounded and unbounded spatial domains and the fractional ODEs are carried out. If the stability and convergence of difference schemes from [22] will be strictly proved, then this will undoubtedly be a significant progress in computing the time-fractional partial differential equations.
Using the energy inequality method, a priori estimates for the solution of the Dirichlet and Robin boundary value problems for the diffusion-wave equation with Caputo fractional derivative have been obtained in [15, 23] .
In this paper a new difference analog of the fractional Caputo derivative with the order of approximation O(τ 3−α ) for each α ∈ (0, 1) is constructed. Properties of the obtained difference operator are studied. Difference schemes of the second and fourth order of approximation in space and the second order in time for the time fractional diffusion equation with variable coefficients are constructed. Using the method of energy inequalities, the stability and convergence of these schemes in the mesh L 2 -norm are proved. Numerical calculations of some test problems confirming reliability of the obtained results are carried out.
Family of difference schemes. Stability and convergence
In this section, families of difference schemes in a general form set on a non-uniform time mesh are investigated. A criterion of the stability of the difference schemes in the mesh L 2 -norm is obtained. The convergence of solutions of the difference schemes to the solution of the corresponding differential problem with the rate equal to the order of the approximation error is proved.
Family of difference schemes
In the rectangle Q T = {(x, t) : 0 ≤ x ≤ l, 0 ≤ t ≤ T } we introduce the mesh ω hτ = ω h × ω τ , where ω h = {x i = ih, i = 0, 1, . . . , N; hN = l},
Basically the family of difference schemes, approximating problem (1)-(2) on the mesh ω hτ , has the form
where
is a difference analog of the Caputo derivative of the order α (0 < α < 1), Λ is a difference operator approximating the continuous operator L, such that the operator −Λ preserves its positive definiteness ((−Λy, y) ≥ κ y 2 ,
a, d and ϕ are the mesh functions approximating k, q and f , respectively,
Stability and convergence
. . , M − 1 then for any function v(t) defined on the mesh ω τ one has the inequalities
Here we consider the sums to be equal to zero if the upper summation index is less than the lower one. Let us introduce the following notation:
. . , j and rewrite the equality (11) as
. . , j − 1. Let us prove now the inequality (10) . Since
The proof of the Lemma 1 is completed.
where j = 0, 1, . . . , M − 1, g 1 −1 = 0, then for any function v(t) defined on the mesh ω τ one has the inequality
where j = 0, 1, . . . , M − 1, g 1 −1 = 0, then the difference scheme (5)- (6) is unconditionally stable and its solution satisfies the following a priori estimate:
where (y, v) =
Taking the inner product of the equation (5) with y (σ j+1 ) , we have
Using inequality (12) and the positive definiteness of operator A = −Λ from identity (14) one obtains
From (15), at ε = κ we get
Let us rewrite inequality (16) in the form
Noticing that g
The inequality (18) is reduced to
It is obvious that at j = 0 the a priori estimate (13) follows from (19) . Let us prove that (13) holds for j = 1, 2, . . . by using the mathematical induction method. For this purpose, let us assume that the a priori estimate (13) takes place for all j = 0, 1, . . . , k − 1:
The proof of Theorem 1 is completed. A priori estimate (13) implies the stability of difference scheme (5)- (6). are some known positive numbers, then the solution of difference scheme (5)- (6) converges to the solution of differential problem (1)- (2) in the mesh L 2 -norm with the rate equal to the order of the approximation error
Proof. Let us introduce the error z = y −u and substitute it into (5)- (6). Then we obtain the problem for the error
. Since the conditions of Theorem 1 are fulfilled, then a priori estimate (13) holds true for the solution of problem (21)- (22) and, therefore, the following inequality takes place
which implies the convergence in the mesh L 2 -norm with the rate O(N −r 1 + M −r 2 ).
A new L2 − 1 σ fractional numerical differentiation formula
In this section a difference analog of the Caputo fractional derivative with the approximation order O(τ 3−α ) is constructed and its basic properties are investigated.
Let us consider the uniform meshω
, then for the Caputo fractional derivative of the order α, 0 < α < 1, of the function u(t) ∈ C 3 [0, T ] at the fixed point t j+σ , j ∈ {0, 1, . . . , M − 1} the following equalities hold
As in [22] , on each interval [t s−1 , t s ] (1 ≤ s ≤ j), denoting the quadratic interpolation Π 2,s u(t) of u(t) using three points (t s−1 , u(t s−1 )), (t s , u(t s )) and (t s+1 , u(t s+1 )), we get
and
Taking into account the equality (23) and (24) we obtain the difference analog of the Caputo fractional derivative of the order α (0 < α < 1) for the function u(t) in the following form:
, for j = 0; and for j ≥ 1,
We call the fractional numerical differentiation formula (27) for the Caputo fractional derivative of order α (0 < α < 1) the L2-1 σ formula.
Lemma 2. For any α ∈ (0, 1) and
, where
We estimate the error R j 1 similarly to [22] :
. Lemma 2 is proved.
Basic properties of the new
Proof. Let us consider two functions
For all x > 0 and 0 < z < 1 the following inequalities hold
Therefore, for the function g α (z, x) for all x > 0 and 0 < z < 1 the inequalities
Integrating (30) with respect to z from 0 to 1, we get the inequalities
which hold for all x > 0. Lemma 3 is proved. Corollary 2. For any α (0 < α < 1), it holds b
The latter follows from the equality
Lemma 4. For any α (0 < α < 1) and c
Inequality (31) is proved. Let us prove inequality (32).
For s = j − 1 (j ≥ 2) we get
For inequality (32) it remains to prove the case s = 0, that is c
which obviously follows from (33). It is enough to prove inequality (33).
For j = 1 we get
For j ≥ 2 we get
Here we used the inequality (1 + t) γ < 1 + γt which is valid for all t > 0 and 0 < γ < 1. Lemma 4 is proved.
Test example
In this subsection, the validity and numerical accuracy of the new presented L2-1 σ formula (27) are demonstrated by a test example.
Let us take a positive integer M, let τ = 1/(M − 1 + σ) and denote
Example. Let f (t) = t 4+α , 0 < α < 1. Compute the α-order Caputo fractional derivative of f (t) at t = t M −1+σ = 1 numerically.
The exact solution is given by
Taking different temporal stepsizes M = 10, 20, 40, 80, 160, 320, 640, 1280, 2560, 5120, we compute the example using L2 − 1 σ formula (27) and compare the results with those obtained with the help of the L1 − 2 formula in [22] . Table 1 lists the computational errors and numerical convergence order (CO) at t M −1+σ = 1 with different parameters α = 0.9, 0.5, 0.1. In this section for problem (1)- (2) a difference scheme with the approximation order O(h 2 + τ 2 ) is constructed. The stability of the constructed difference scheme as well as its convergence in the mesh L 2 -norm with the rate equal to the order of the approximation error is proved. The obtained results are supported with numerical calculations carried out for a test example.
Derivation of the difference scheme
Lemma 5. For any functions k 1 (x) ∈ C 3 x and v(x) ∈ C 4
x the following equality is valid:
x,t be a solution of the problem (1)-(2). Let us consider equation (1) for (x, t) = (x i , t j+σ ) ∈ Q T , i = 1, 2, . . . , N −1, j = 0, 1, . . . , M − 1, σ = 1 − α/2:
by virtue of Lemma 5 we have
where the difference operator Λ is defined by formula (8) with the coefficients a
, then with regard to Lemma 2 we get the difference scheme with the approximation
It is interesting to note that for α → 1 we obtain the Crank-Nicolson difference scheme.
Stability and convergence
Theorem 3. The difference scheme (36)-(37) is unconditionally stable and its solution satisfies the following a priori estimate:
Proof. For the difference operator Λ using Green's first difference formula and the embedding theorem [24] for the functions vanishing at x = 0 and x = l, we get (−Λy, y) ≥ , then lemma 4 implies validity of the following inequalities:
Therefore, validity of theorem 3 follows from theorem 1. Theorem 3 is proved.
From theorem 2 it follows that if the solution and input data of problem (1)- (2) are sufficiently smooth, the solution of difference scheme (36)-(37) converges to the solution of the differential problem with the rate equal to the order of the approximation error O(h 2 + τ 2 ).
Numerical results
Numerical calculations are performed for a test problem when the function u(x, t) = sin(πx)
is the exact solution of the problem (1)- (2) with the coefficients k(x, t) = 2 − sin(xt), q(x, t) = 1 − cos(xt) and l = 1, T = 1. The errors (z = y − u) and convergence order (CO) in the norms · 0 and · C(ω hτ ) , where y C(ω hτ ) = max (x i ,t j )∈ω hτ |y|, are given in Table 2 . Table 2 shows that as the number of the spatial subintervals and time steps is increased keeping h = τ , a reduction in the maximum error takes place, as expected and the convergence order of the approximate scheme is O(h 2 ) = O(τ 2 ), where the convergence order is given by the formula:
(z i is the error corresponding to h i ). Table 3 shows that if h = 1/1000, then as the number of time steps of our approximate scheme is increased, a reduction in the maximum error takes place, as expected and the convergence order of time is O(τ 2 ), where the convergence order is given by the following formula: CO= log τ 1 Table 3 . L 2 -norm and maximum norm error behavior versus τ -grid size reduction when h = 1/1000. 
A higher order difference scheme for the time fractional diffusion equation
In this section for problem (1)- (2), we construct a difference scheme with the approximation order O(h 4 + τ 2 ) in the case when k = k(t) and q = q(t). The stability and convergence of the constructed difference scheme in the mesh L 2 -norm with the rate equal to the order of the approximation error are proved. The obtained results are supported by the numerical calculations carried out for a test example.
Derivation of the difference scheme
Let us assign a difference scheme to differential problem (1)- (2) in the case when k = k(t) and q = q(t):
From [9] and Lemma 2 it follows that if u ∈ C 6,3
x,t , then the difference scheme has the approximation order O(τ 2 + h 4 ).
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Taking into account the above-performed transformations, from identity (42) at ε = 8c 1 3l 2 one arrives at the inequality
The following process is similar to the proof of theorem 1, and it is omitted.
The norm H h y 0 is equivalent to the norm y 0 , which follows from the inequalities 5 12 y 
where C R is a positive constant independent of τ and h.
Numerical results
In this subsection we present a test example for a numerical investigation of difference scheme (39)-(40).
Consider the following problem:
where k(t) = e t , q(t) = 1 − sin (2t),
whose exact analytical solution reads u(x, t) = t 2 sin(πx). Table 4 presents the L 2 -norm, the maximum norm errors and the temporal convergence order for α = 0.75, 0.85, 0.95. Here we can see that the order of convergence in time is two. Table 5 shows that if τ = 1/20000 is kept fixed, while h varies, then one obtains the expected fourth-order spatial accuracy. Table 6 shows that as the number of spatial subintervals and time steps is increased keeping h 2 = τ , a reduction in the maximum error takes place, as expected and the convergence order of the approximate of the scheme is O(h 4 ). In Table 7 for the case N = ⌈ √ M ⌉ the maximum error, the convergence order and CPU time (seconds) are given. For this case we obtain the expected rate of convergence O(τ 2 ). Table 4 . L 2 -norm and maximum norm error behavior versus τ -grid size reduction when h = 1/100. 
Conclusion
In this paper, the stability and convergence of a family of difference schemes approximating the time fractional diffusion equation of a general form is studied. Sufficient conditions for the unconditional stability of such difference schemes are obtained. For proving the stability of a wide class of difference schemes approximating the time fractional diffusion equation, it is simple enough to check the stability conditions obtained in this paper. A new difference approximation of the Caputo fractional derivative with the approximation order O(τ 3−α ) is constructed. The basic properties of this difference operator are investigated. New difference schemes of the second and fourth approximation order in space and the second approximation order in time for the time fractional diffusion equation with variable coefficients are constructed as well. The stability and convergence of these schemes in the mesh L 2 -norm with the rate equal to the order of the approximation error are proved. The method can be easily extended to other time fractional partial differential equations with other boundary conditions.
Numerical tests completely confirming the obtained theoretical results are carried out. In all the calculations MATLAB is used.
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